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Abstract 

An important connection between the finite dimensional Gaussian Wick product 
and Lebesgue convolution product will be proven first. Then this connection will be 
used to prove an important Holder inequality for the norms of Gaussian Wick prod- 
ucts, reprove Nelson hypercontr activity inequality, and prove a more general inequality 
whose marginal cases are the Holder and Nelson inequalities mentioned before. We will 
show that there is a deep connection between the Gaussian Holder inequality and classic 
Holder inequality, between the Nelson hypercontractivity and classic Young inequal- 
ity with the sharp constant, and between the third more general inequality and an 
extension by Lieb of the Young inequality with the best constant. Since the Gaus- 
sian probability measure exists even in the infinite dimensional case, the above three 
inequalities can be extended, via a classic Fatou's lemma argument, to the infinite 
dimensional framework. 
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1 Introduction 

If J-", P) is a probability space and if is a closed subspace of J^, P), such that 

every element h from H is normally distributed, with mean zero, then H is called a (centered) 
Gaussian Hilhert space. If if is a separable Gaussian Hilbert space and J^{H) denotes the 
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smallest sub-sigma algebra of J-", with respect to which all random variables h from H are 
measurable, then it was proven in [7] that for any two complex-valued functions ip and ip in 
J^{H), P), and any two positive numbers u and v, such that (1/m) + (l/'w) = 1, the 
Wick product of T{{l/y/i)I)ip and r((l/v^J))^/', denoted by r((l/v^)/)v9 o r((l/V^^)/)V', 
belongs to J^{H), P) and the following inequality holds: 



r 



u 



I <poV 



< 



where r(c/) denotes the second quantization operator of c times the identity operator J, for 
any complex constant c, and || ■ II2 the L^-norm. The proof was based on the orthogonal 
structure of the space L^(f2, J^{H), P) (Fock decomposition) and Cauchy-Buniakovski- 
Schwarz inequality. The authors of [7] regarded inequality (11. ip as a Young inequality for 
White Noise Analysis, thinking that the Wick product, in the Gaussian case, is an analogue 
of the convolution product, from the classic Fourier Analysis. However, after discussing with 
other mathematicians, they were convinced that this inequality should be called a Holder 
inequality for White Noise Analysis, since the Wick product is an analogue of the classic 
product of two series. 

The Wick product can be defined not only in the Gaussian case, but also for any prob- 
ability measure /i on R having finite moments of all orders. In [8] it was proven that for 
any probability measure /x, that is not a delta measure (that means whose support does not 
reduce to a single point), if r > 2 is a fixed number, and u and v are positive numbers, such 
that, the inequality 



1.2) 



holds for any and in L^'(M, fi), we must have: 



i + i < 1. 

u V 



1.3) 



Therefore, if one can prove inequality (11. ip . then it is the best inequality that he (she) can 
get not only in the Gaussian case, but also for all non-trivial probability measures. 

In [U] it was proven, in the Gaussian case, that if u and v are positive numbers, such 
that (1/m) + (1/f) = 1, then any two real valued functions (p and ip in L^{^, J^iH), P), the 
Wick product of r((l/0I)/)(/?or((l/v^)/)V' belongs to L\n, 7{H), P), and the following 
inequality holds: 



r 



u 



I poT 



< 



l^lll • 



:i.4) 



In [9] it was also proven, in the Gaussian case, that for any two real valued functions p and ip 
in L°°{fl, J^{H), P), and any two positive numbers u and v, such that {l/u) + (l/v) = 1, the 
Wick product oiT{{l/ ^)I)poT{{l/ ^)I)ip belongs to L°°((], T{H), P), and the following 
inequality holds: 



l]iP 



< 



:i.5) 
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To prove the inequalities fll.4p and (11. 5p . the authors proved first a Jensen inequahty for 
Gaussian Wick products, inspired by the Jensen inequahty from [5]. 

In this paper, we wiU prove first a lemma that connects the Gaussian Wick product to 
the classic convolution product of the Lebesgue measure. We will then use this lemma to 
prove the following inequalities. 

Let p e [1, oo]. If u and v are positive numbers, such that (1/m) + (1/f ) = 1, then for any 
two complex valued functions ip and ip in Lp{Q, J^{H), P), the Wick product T{{l/y/u)I)ipo 
T{{1/ y/v)I)ip belongs to L^^fl, J^{H), P), and the following inequality holds: 



u 



< 



:i.6) 



We will show that via the lemma connecting the Gaussian Wick product to the Lebesgue 
convolution product, inequality (11. 6p reduces to the classic Holder inequality. 

Let 1 < p < r < oo. Then for any (f in L''(f2, J^{H) P) and any ip in L°°(f2, J^{H) 
P), V{y/^f^/^7^)ipoV{y/F^/^7^)^ belongs to UiVt, T{H) P) and the following 
inequality holds: 



o 



y/r -p 



< 



m 



:i.7) 



In particular, if we choose ip = 1 (the constant random variable equal to 1), the we get the 
classic Nelson hypercontractivity inequality: 



< 



[1.8) 



We will show that via the lemma connecting the Gaussian Wick product to the Lebesgue 
convolution product, this inequality reduces to the Young inequality with the best constant 
proven by Beckner and Brascamp-Lieb in [I] and Pj, respectively. 

Finally we will prove that if u and v are positive numbers, such that (l/u) + (l/v) = 1, 
and p, q, and r are in [1, oo], such that: 



1 



u{p 



+ 



1 



v{q 



;i.9) 



then for any if in LP{n, J^{H), P) and any ip in L''{n, J^{H), P), T{{1/ y^)I)ipoT{{l/ y^)I)ip 
belongs to L^{fl, J^{H), P), and the following inequality holds: 



< 



;i.io) 



We will show that via the lemma connecting the Gaussian Wick product to the Lebesgue 
convolution product, this inequality is connected to the fully generalized Young's inequality 
proven by Lieb in [10]. See also page 100 of pLlj. 

It is easy to see that (11.61) and (ll.7p are particular cases of (ll.lOp , namely, (ll.lOp reduces 
to (II. 6p in the particular case p = q = r, and (ll.lOp reduces to (11.70 when q = oo. In fact, 
condition (II. 9p tells us that l/(r — 1) is a convex combination of l/(p — 1) and l/(g — 1), and 
so, if we assume that p < q, then p < r < q. If we fix the left-endpoint p, of the interval [p, 
q], and let the right-endpoint q vary from p to oo, then inequalities (II. 6p and (II. 7p are the 
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"marginal" cases of f ll.lOp : q = p and q = oo, respectively. So, one might say that proving 
fll.lOl) makes the proofs of fll.6l) and fll.7p superfluous. However, we prefer to prove first (11.61) . 
then (11.71) . and finally f ll.lOp . to show how they are connected to the following important 
and deep inequalities of classical Analysis: Holder, Young with the sharp constant, and Lieb. 
We will also see that as we move from inequality (11. 6p to (ll.lOp . the complexity of the proof 
increases more and more. 

All the above inequalities are sharp, the equality occurring for some exponential functions. 

In section 2, we present a short background of the theory of Gaussian Hilbert spaces. This 
background includes the definition of the Wick product and second quantization operator 
of a constant times the identity. In section 3 we prove the important lemma connecting the 
Gaussian Wick product to the Lebesgue convolution product. Finally in the last section we 
prove the main results of this paper. 

2 Background 

In this section we present a minimal background about Gaussian Wick products and second 
quantization operators. The frameworks in which this background can be presented are 
many. One can use, for example, Hida's White Noise Theory (see [B] or [T2]), Malliavin 
Calculus, the multiple Wiener integrals, a Fock space, or the theory of Gaussian Hilbert 
Spaces. All of these theories are leading to the same notion of Wick product. Since we are 
not going to use generalized functions, we are going to use the theory of Gaussian Hilbert 
Spaces as outlined in [5]. 

Let {Q, J-", P) be a probability space and H a closed subspace of L'^{Q, T , P), such 
that every element h oi H is normally distributed with mean zero. We call H a (centered) 
Gaussian Hilbert space. We assume that H is separable. For all non-negative integers n, we 
define the space: 

= {fih, ... ,hd) \ d> l,hi e H,i = 1, ... ,d, f is polynomial, deg{f) < n}, 

where deg{f) denotes the degree of the polynomial /. Since the Gaussian random variables 
have finite moments of all orders, each space Fn is contained in L^(f2, J-", P). We have: 

C = FoC FiC F2C ■■■ C L\n,T,P). 

We define now the following spaces: Go -^0 and for all n > 1, 

Gn '■= Fn Fn-l, 

where F denotes the closure of F in L^(fi, J^, P), for any subspace F of L^(f2, J^, P). For 
each non-negative integer n, we call Gn the n-th homogenous chaos space generated by H, 
and every element from G„, a homogenous polynomial random variable of degree n. We 
define the following Hilbert space: 

and call it the chaos space generated by H . Let us observe that every random variable from 
"H is measurable with respect to the sigma-algebra J^{H) generated by the elements h from 
H. The reciprocal is also true and the following theorem holds (see Theorem 2.6., from page 
18, in |5j). 
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Theorem 2.1 



n = L\n,T{H),p). (2.1) 

From now on, because of Theorem 12.11 whatever random variables we wiU consider, they 
wiU be measurable with respect to J^{H). 



For every n > 0, we denote by P„ the orthogonal projection from "H onto The Wick 
product is defined first for any two homogenous polynomial random variables, and then 
extended in a bilinear way, as explained below. For any non-negative integers m and n, and 
any in Gm and ip in we define: 



(2.2) 



li (p = Yl'^=o fn^'H and ip = 9^ ^ "H, where /„ and gn are in for all n > 0, then 

the Wick product of ip and ip, denoted hj p oip, is defined as: 



(p oip 



E 

fc=0 



o 



.p+g=k 



(2.3) 



Of course, there might be problems with the convergence, in the L^-sense, of the series from 
the right-hand side of f l2.3p . but at least for the case when ip and ip are polynomial random 
variables (i.e., only finitely many /„ and Qn, n > 1, are different from zero), the Wick product 
(p oip is well-defined. 



If c is a fixed complex number, then we define the second quantization operator of cl, 
where / denotes the identity operator of H, by: 

oo 

r(c/)v. = J^c'^A, (2.4) 

n=0 

for all (p = fn^'H, where /„ is in Gn, for all n > 0. From now we are going to drop 

the letter /, and write simply r(c) instead of T{cl). It is clear, that if |c| < 1, we have 
r(c)v9 G Ti, and the following inequality holds: 

l|r(c)v^||2 < 11^112, (2.5) 

where || ■ II2 denotes the L^-norm. Moreover, as it is shown in |i5j. Theorem 4.12, page 48, 
if c is real and |c| < 1, then the second quantization operator r(c) has a unique continuous 
extension from L^{Q, J^{H), P) to L^{Q, J^{H), P), that we denote also by r(c), and this 
extension is a bounded linear operator, of operatorial norm equal to 1, from Lp{Q, J^{H), 
P) to LP{n, T{H), P), for all 1 < p < 00. 

The second quantization operators are distributive with respect to the Wick product, in 
the following sense: 

Lemma 2.2 For all c in <C, such that \c\ < 1, and all p} and ip in L^{Q, J^{H), P), such 
that p>o^ belongs to L'^[Q, J^{H), P), we have: 

T{c){p>oi;) = T{c)poT{c)ip. (2.6) 
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The second quantization operators are very important in assuring the convergence of the 
Wick product of two random variables, due to the following theorems, from [7| and [H], 
respectively. 

Theorem 2.3 For anyu and v positive numbers, such that (l/n) + (l/f) = 1, and for any (p 
andip zn L'^iVL, T{H), P), the Wick product V{1/ ^)(poV{l/ belongs to L^{n, F{H), 
P), and the following inequality holds: 



r — y.or — 



< 



(2.7) 



Theorem 2.4 For any u and v positive numbers, such that (I/m) + (1/f) = 1, the bilinear 
operator r„,„ : L'^i^l, T{H), P) x L'^{n, T{H), P) L\n, T{H), P), defined as: 



(2i 



for any ip and ip in L'^iVt, J^{H), P), admits a unique continuous linear extension T^^v from 
L\n, J^{H), P) X L^{n, 7{H), P) to L^n, T{H), P). Moreover, if p and ip are real 
valued, then we have: 



< ll'^l 



and 



poT 



< 



(2.9) 



(2.10) 



In this paper, we will remove the condition "real valued" from the last sentence of the pre- 
vious theorem. 



There is an important family of random variables in this theory, that have some beautiful 
properties with respect to the Wick product and second quantization operators. These func- 
tions are called the (renormalized) exponential random variables, and are defined as follows. 
For any ^ & He (where He denotes the complexification of H), we define the exponential 
function £^ generated by ^, by the formula: 

oo ^ 

^« ■= E;^^'^ (2-11) 

n=0 

where := ^ o ^ o • ■ ■ o ^ [n times). As a random variable, can be written as: 

S^{oo) = e«(")-^ (2.12) 

for all u E Q, where: 

{f,g) := E[f-g], (2.13) 

for all / and g in He, and E denotes the expectation. It can be easily seen that belongs 
to L^{Q, T{H), P), for all 1 < p < oo, and all ^ in H^. The family of exponential functions 
is closed with respect to the Wick product and second quantization operators, as illustrated 
by the following lemma (see [6] and [T2]). 
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Lemma 2.5 For all ^ and 7] in He, and all c in C, we have: 

S^oSr, = S^+r, (2.14) 

and 

r{c)£^ = £c^. (2.15) 

Finally, the exponential functions are important in defining the 5'-transform. If (y9 G L'^{fl, 
jF{H), P) and ^ e then the S -transform of </? at ^ is defined by the formula: 

{S^m = Elif-S^]. (2.16) 

The ^'-transform is a unitary operator from L'^{Q, J^{H), P) onto a Hilbert space of holo- 
morphic functions, which we are not going to describe, since it is not important in this 
paper. If one considers the S'-transform as an analogue of Fourier or Laplace transforms 
from the classic Analysis, then the Wick product becomes automatically an analogue of the 
convolution product, due to the following easy to check property. 

Lemma 2.6 For any two functions (p and ip in L'^{fl, ^{H), P), such that ip<>ip belongs to 
L^{n, J^{H), P), we have: 

Si^o^l:) = {S^)-{Si:). (2.17) 

3 An connection between the Gaussian Wick product 
and Lebesgue convolution product 

Let be a fixed positive integer. Let dj^^x denote the normalized Lebesgue measure on M'^, 
{1/ \/2TiYdx^ and the standard Gaussian probability measure on M*^, i.e., djji = e~''^'^'^^'^dNX. 
If : Q — > R, i = {1, 2, . . . , d} are independent standard normal random variables, and 
J- is the sigma-algebra generated by them, then any random variable Y : Q ^ C, that is 
measurable with respect J-", can be written as F = g{Xi, X2, . . . , Xd), where : — )■ C is a 
Borel measurable function. From now on we will write g{x) with a lower case x instead of the 
upper case X, and do the computations of integrals in terms of the probability distribution 
fjL of X, where X :— (Xi, X2, . . . , Xa). Observe that in terms of distributions, for any 
p > 1, the norm of a function f{x) with respect to the Gaussian measure // is the same 
as the norm of /(a;)e^^^'^'^/*^^^) with respect to the normalized Lebesgue measure d]\rx. 
This simple fact will be used throughout this paper. Everything will be done using the 
normalized Lebesgue measure. Throughout this paper, for any p G [1, 00], we will denote 
by II • lip and ||| ■ |||p the U' norms with respect to the Gaussian measure /i and normalized 
Lebesgue measure djsfX, respectively. 

We are now presenting a connection between the Gaussian Wick product o and convolu- 
tion product ★ with respect to the normalized Lebesgue measure. 

Lemma 3.1 Let u and v be positive numbers, such that: (l/-u) + (1/f) = 1. Then for any 
ifi and ip in L^{W^, /j,), we have that T {1/ ^/u)ip o T {1 / y/v)ip belongs to L^{W^, 11) and: 



1 \ {x,x) 

if I -^x e 2„ 

V 



I \ {x,x) 
ip —;=x e 2« 
u / 
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where the convolution product in the left-hand side is computed with respect to the nor- 
malized LebesEf ue measure df^x. 

We prove first an easier version of this lemma. 

Lemma 3.2 Let E = {^;^^^ Cie<«-^>-(^/2)(6,6> \ n e N, d e C, e C^Vi G {1, 2, . . . , n}}. 
Let u and v be positive numbers, such that (l/u) + (l/v) = 1. For any ip and ip in we 
have: 

= ((^o^) ( ^= 1 e"^. (3.2) 
\^uv J 

In particular, replacing if and ip by T{1/ ^Ju)ip and T{l/y/v)il), respectively, we obtain that 
( 15*. ip holds for any two functions that are linear combinations of exponential functions. 



Proof. Since both sides of (13. 2p are bilinear with respect to ip and ip, it is enough to 
check the relation for ip{x) = e^^'^^"^^/^-*^^'^^ and ip{x) = e^'^'^'^~^^^'^^^^''^\ where ^ and t] are 
arbitrarily fixed vectors in C^. Indeed, for these functions we have: 



e 



(x) 



e 



'dNV 



We now perform the classic trick of completing the square, in the exponential, by subtracting 
and adding {l/2){-{^/^)^ + {^/^)r] + {l/v)x, + {^/^)r] + {l/v)x), 
a factor that does not depend on the variable of integration y, and can be taken out of the 
integral. Thus, we obtain: 



(■■■> 
e 2t, > ^ 



(■■■) 

e 2u 



\x 



f(i-i)(a>-(?,'7>-i(i-i)(»;,'?>+^(i-^)(C,->+-4^(r;,x>-^(i-i)(.=,.=> 



g 2 u 

(<^oV^) 



since ((^o V)(x) = e<«+'''^>-(i/2)(€+7?,e+^>_ 



□ 
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A complete proof of Lemma 13.11 is the following: 

Proof. Since £ is dense in L^(M'^, /i), there exist two sequences {/n}n>i and {gn\n>i of 
elements of such that: || fn — f and \\ gn — i' ||i— 0, as ri — )■ oo. For each n > 1, 
we have: 



{x,x) 



X 



6 



The left-hand side converges to 



X 



e~ 2u 



in Li(M^, /i), as 



n — )■ oo, by Young inequality for the normalized Lebesgue measure. The right-hand side 
converges to 



r (poT (^^) ^ ^^""^ ' Lanconelli-Stan inequality, from [H], 



about the norms for Wick products. 



□ 



4 Main results 

Theorem 4.1 (Finite dimensional Holder inequality for Gaussian Wick prod- 
ucts.) Let d E N and p G [1, oo] be fixed. Let fi denote the standard Gaussian probability 
measure on R'^. Let u and v be positive numbers, such that + (l/w) = 1- Then for 

any ip and ip in L'^iW'-, n), V {1 j y/u) ip oV{l/ y/v)ilj G Lp(R'^, /i) and the following inequality 
holds: 

< IIv^IIp-II^IIp- (4.1) 

p 




Proof. Let p' be the conjugate of p, i.e., (1/p) + (1/p') = 1- Let's multiply both sides of 
formula by e<^'^>/(2p'™)^ g^^. 



{x,x) 



X 



g 2p' uv 



X \ (x,x) 

( — 1 e 2« 



{x,x) A _ 1 ■ 



, , X \ (x.x) 



X — y\ (x-y,x-y) 

if I 1 e 2pt> 



_ (x~y,x~y) 



^ — — e 



{y,y) {x x) 

e V" ■ e^p^df^y. 



Let /(x) := v9((1/a/i;)x) exp(— [l/(2pt>)](x, x)) and (^(x) := '?/'((l/v^)a;)e(— [l/(2p'u)](x,x)). 
With these notations we get: 



f{x-y)g{y)e "^^^ -^'^ "^^^Tvy. 
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Putting the modulus in both sides, then introducing it in the integral in the right (triangle 
inequality), and then applying the Holder inequality to the pair (p, p'), we get: 



g 2puv 



< 



< 



f \f{x-y)g{y)\^d 

\f{x-y)myrdr,y 



[ (e-W^y-'v-^y-"^-))"' d^y 



1. 



Let us first raise the last inequality to the power p, then integrate it with respect to x, and 
apply Fubini (actually Tonelli) theorem. We obtain: 



< 



\f(^-y)r\s{y)\'d«y 



X 



{x,x) 
g 2puv 



\9{y)\' 



\f{x - y)fdNX 



d]six 



dny 



9{y)n\f\\\ldNy 
ij \9{y)\''dNy 



p iiiyiiip- 



Raising both sides of this inequality to the power we get: 



/ 



< 



• lll^lllp 

'(*) 



X 



(x.x) 

e~ disfX 



i/p 



(x.x) 

2« dNX 



1 i/p 



{x,x) 

e~ 2« (Inx 



1 i/p 



Making now the changes of variable: xi := (l/^/uv)x in the integral 



1 



<^or 



fv) \ \^/uvJ 



e 2,i„ (Inx, 



x' :— {l/y/v)x and x" :— {l/y/u)x in the integrals: 



X 



and 



Rd 



{x,x) 

e~ 2!) dNX 



(x.x) 

2u d]\fX, 
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respectively, and dividing both sides by {uvY/^'^^\ since djj, = ex-p(— {x , x) /2)dNX, we get: 

< Ikllp- II^IIp- 

p 

□ 

Theorem 4.2 (General Holder inequality for Gaussian Wick products.) Let H 

be a separable Gaussian Hilbert space, p G [1, oo], and u and v positive numbers, such that 
{l/u) + {l/v) = 1. Let J^{H) be the sigma-algebra generated by the random variables h from 
H. Then for any ^ and ^ m LP{n, 7{H), P), T{1/ y/^)^ oT{l/ y/^)^) G LP{Vt, 7{H), P) 
and the following inequality holds: 

< IIv^IIp-II^IIp- (4.2) 

p 




Proof. Let {e„}„>i be an orthonormal basis of H. Then {en}n>i is a set of independent, 
normally distributed random variables with mean and variance 1. For every c? > 1, let 
J-rf denote the sigma-algebra generated by the random variables ei, 62, . . . , e^. It is well- 
known that every function / from LP[VL, J^{H), P) can be approximated in the p norm 
by a sequence of functions /„ from L^^J^n) '■= L^^fl, Tn-, P), n > 1. This is due to the 
fact that the sigma-algebra J^{H) is generated by the cylinder sets, and every cylinder set 
is in one of the sigma-algebras J-^, for some d > 1. There exist two sequences {v?n}n>i 



\{pn — (p\\p — and 
||v?||p and 



n\\p 



^ 0, 

as 



and {V'n}n>i contained in U„>iL^(J-'„), such that 
as — > 00. These facts imply two things: first 
n — > 00, and second (fn V and ipn ip ., vn , as, n ^ 00. We know from [9j that 
r(l/y^)y9„ o r(l/A/u)'?/'„ — )• V{1/ y/u)ip oV{l/ y/v)ip, in L^, as n — > 00. Since convergence 
implies almost sure convergence for a subsequence, working eventually with a subsequence, 
we may assume that V{1/ ^/u)ipn^'^i)-| y/v)'ipn r(l/y^)y9 o r(l/A/y)'?/', almost surely, as 
n — )• 00. Using now Fatou's lemma and the finite dimensional inequality proven in the 
previous theorem, we have: 



1 



E 



E 



1 



F 



lim inf 

n— >oo 



^oF 



F 



oT 



< 



lim inf E 

n—^oo 



F 



< limini {E[\^nn-E[\iJnn}. 



EM 

Ml- 



E 



□ 



We are now presenting an interesting connection between the Young inequality with the 
best constant, and Nelson hypercontractivity. The Young inequality with the best constant 
is the following: 
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Theorem 4.3 Let p, q, r >1, such that (l/p) + (1/^) = (l/"*") + 1- There exists a constant 
Cp^q,r;d > 0, such that, foT any f E (M*^, dx) and g E L'^ (W^, dx), we have: 





l/r 




i/p 




1/9 


\{f^g){x)\'dx 




[ \f{x)\'dx 




/ \g{x)\'^dx 





Th 
k 



or 



(4.3) 
any k > 1, where 



Jr'' J Ur"^ J Ur'' 

The sharp constant Cp^q^r;d equals {CpCq/CrY , where = k^^'^ /k'^^^' , f( 
is the conjugate ofk. 



See [T], [2], or [TT] (Theorem 4.2) for a proof. Let us make the observation that if we 
replace the Lebesgue measure dx, on M'^, by cdx, where c is any positive constant, then, 
by convoluting with respect to cdx, the best constant Cp^q^r-.d from inequality fl4.3p does 
not change. This is due to the fact that the left-hand side of f l4.3p is multiplied by c ■ 
c^^^ = c^~^^^^^\ while the right-hand side must be multiplied by c^/^ ■ c^^'' = c^^/p^+^^/i') ^ and 
fortunately l + (l/r) = (l/p) + (l/g). Thus, the inequality (14. 3 p remains valid, with the 
same sharp constant Cp^q^r;d, even for the normalized Lebesg ue measure df^x. 

Theorem 4.4 Let d he a fixed natural number. Let p and r he positive numbers such that 
1 < p < r . Then for any (p in L^{M.'^, /x) and any ip in L°°(]R'^, /i), T{^yp — 1 / — l)(p o 



r(V'" —pl\Jr — I)'?/' belongs to L^{W^, fi) and the following inequality holds: 



o 



< 



(4.4) 



In particular, if we choose ip = 1 (the constant random variable equal to 1), then we get the 
classic Nelson hypercontractivity inequality: 



< 



m 



(4.5) 



Proof. Let u := (r — l)/(p — 1) and v := (r — l)/(r — p). Then we have {l/u) + {l/v) = 1. 
Let p' and r' be the conjugates of p and r, respectively . Let's go back to the identity (13. ip 
and multiply both sides of that relation by exp{ — {x,x)/{2uvr')). We get: 



1 



<poT 



{x,x) 
g 2r' uv 



X 



x-y 



1 



V 

2v 



_ {x — y,x — y) 
g 2pv 



X 



_ {x-y,x-y) 
g 2p' V 



I , y \ -(JtA 

Ip \ I e 2„ 



{x,x) 

e2r'uv d]\[y. 
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Let f{x) := ip{x/ \/v) exj^{—{x,x) / {2pv)). We have: 



< / \f{x-y)\e V. 

/ (x-y,x-y) 
\f{x-y)\e 2-'" 



(y,v) 

2u . e^r'uv 



{x — y,x — y) {y,y) {^■,^) 

\f{x — y)\ ■ e • e ^ ■ e^^dNV 



_ \ {x-y,x-y} , {y,y) {x,x} 1 



Let us observe that the expression: 

is a perfect square. Indeed, the coefficient of (x, x) in E[x, y) is: 



1 


1 


2p'v 


2r'uv 


-{- 


1 


2v \p' 




1 /p 


- 1 


2v V 


p 


p- 1 / 


'1 1 


2i; \ 


r 


p-1 


r — p 


2v 


pr 


p-1 


r-1 


P 


r 


1 1 


1 1 




v 21; 


1 




2p'r'v'^ 





r r — 1 
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The coefficient of (y, y) in y) is: 



1 1 



2u 2p'v 



1 / 


- + 

u 




P- 




r — 


p 


- 1 


2(r 


-1) 




- 1 


2(r 


-1) 


1 


r 



1 + 



r — p 
p 



2 r — 1 p 

- r' - 
2 ^ p' 

r' 



The coefficient of (x, y) is ?/) is: 



Thus we have: 



E{x,y) = a{x,x) + b{x,y) + c{y,y) 

1 1 r' 

2p'r'v^ p'v 2p' 



— — — (x - r'^;?/, a; - rwy) . 
2p'rv'' 



It follows now from (14. 6p that: 



_ (x.x) 1 
g 2uu r 



< 



Let us make the change of variable t := x — y ui the last integral. We obtain: 



X \ 

g 2uvr 



< 
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where s := r'v and s' is the conjugate of s. Let us observe that the last integral is a 
convolution product. Indeed, if we define g{x) := exp(— [r'/(2p')] ■ (x, x)), then: 



< 



for all a; G M'^. Replacing x by s'x, in the last inequality, we obtain: 



s'x 



s [x,x) 
g 2uvr 



< 



■[f^9]{x), (4.7) 



for all X G M"^. Raising this inequality to the power r and integrating with respect to the 
normalized Lebesgue measure d^x, we get: 



s'x \ 



e- 



uv J 



d]\fX 



l/r 



< 



\{f 9){x)\''dNX 



l/r 



Making, the change of variable x' := {s'/^/uv)x in the integral from the left, we obtain: 

) ■ lll/^^lllr- (4. 



< 



The left hand-side is a Gaussian L''-norm, and so, we get: 



uv\ 



d/r 



) 



< 



\\f^9\ 



(4.9) 



Since r > p, (l/r) + l — (l/p) < 1. Thus there exists g > 1, such that (l/r) + l = (l/p) + (l/g). 
We apply now the Young inequality with the sharp constant, in the right side of f l4.9p . and 
obtain: 



< 



< 



d/r 



UV . 
/ \ d/r 



\\f*9\ 



iC,CJCrY\\\f\\\,-\\\9\\U,i^.lO) 



where Cp = p^^^/p'^^^' . Since /(x) = (p{x/y/v) exp(— (x, x)/(2pf )), it is easy to see that: 

III/IIIp = iV^Y^'Mp- (4.11) 

Because g{x) := exp(— [r'/(2p')] ■ (x, x)), it is not hard to see that: 




d/q 
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Thus, inequality f l4.10p becomes: 



< 



d/q 



PWY \\oo- 



Therefore, to prove fl4.4p . we just need to show that: 

d/r 



'=] ■ {c.cjCrY ■ iV^f' 



UV J 




d/q 



(4.12) 



which (by raising both sides to the power 2/d) is equivalent to: 

c2c|s'2/yi/'7yi/P-iA 

Since 1/p— l/r = l — 1/g and 1 — 1/g = 1/g', we have to prove that: 



Let: 



C : 



(J2^l/rql/q^,l/q 



(4.13) 



(4.14) 



To prove fl4.13p we will write u, f , and s' in terms of p, g, r and their conjugates. We have: 

r — 1 



u 



p — 1 
r 1 - 



1 



We also have: 



p 1 - i 
1 

r . z 

rp' 
pr' 



r — 1 
r — p 



(4.15) 



1 1 



p 



1 _ 1 

p r 
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Let's remember that (1/p) — (1/''') = Thus, we obtain: 

1 i-h 



£- p J, 

l.i 

P V 
pr' 



(4.16) 



Finally, we have: 



s-1 
r'v 



Replacing v by q' /{pr') we get: 



s' 



r'v 



r'v — 1 

pr' 

- 1 

P 



21-1 



Dividing both the numerator and denominator of the last fraction by q' we get: 



s 



1 

/ _ p 



i _ J_ 

p q' 

1 

P 



i_ 1_ 1 

1 

p 



p g 
1 

p_ 
1 



(4.17) 



Let us substitute C^, C^, C^, u, v, and s', in the formula (I4.14p . We have: 

C — 



q^/q 

n/v' ' qii/q' ' \p) ' P \pr' 
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Observe that the factors , and r^/'' cancel. Collecting the powers of p, p', and r', 

we obtain: 

^ JJV r q' • J) Q p' r . r' r q' q 

= pp r \ q J ■ p q \ P J r . f \ r' r J \q' q J 

= p'-p'^-r" 
= 1. 

□ 

Passing from the finite dimensional case to the infinite dimensional case, can be done in 
the same way as before, using Fatou's lemma. 

We now present a more general Holder inequality. The proof of this inequality uses the 
following theorem of Lieb (see [lO] or [11] (page 100)). 

Theorem 4.5 Fix k > 1, integers ni, . . . , and numbers Pi, . . . , P/t > 1. Let M > 1 and 
let Bi (for i = 1, . . . , k) he a linear mapping from M*^ to M"*. Let Z : — >■ M"*" he some 
fixed Gaussian function, 

Z{x) = exp[—{x,Jx)] 

with J a real, positive-semidefinite M x M matrix (possible zero). 

For functions fi in Lp»(M"'») consider the integral Iz and the number Cz: 

Iz{fu...Jk) = [ Z{x)T\f,{B,x)dx (4.18) 

Cz := snp{Iz{fi,...Jk)\\\\fi\\\p, = lforz = l,...,k}. (4.19) 

Then Cz is determined by restricting the f 's to be Gaussian functions, i.e., 

Cz = sup{/z(/i, . . . , /fc) I = 1 and fi{x) = q exp[-(x, J^x)] 

with Ci > 0, and Ji a real., symmetric, positive — definite Ui x Ui matrix}. 

Corollary 4.6 Let p, q, r > 1. Let Bi and B2 be linear maps from to M^, and J a 
real, positive-semidefinite 2x2 matrix (possible zero). For f in Lp(R^) and g in L'^(M^), we 
consider the product: 

U^BM9){x) = [ f{B^{x,y))g{B,{x,y))e-^'^^'y^''^^'y^^dMy. (4.20) 

Jr 

We define: 

C := snp{\\\f^BuB,,j9\\\r\\\\f\\\p=\\\9\\U = l}. (4.21) 
Then C is determined by restricting f and g to be Gaussian functions. 
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Proof. Let r' be the conjugate of r. For any /c > 1, we denote by Qk the set of Gaussian 
functions of L'^'-norm equal to 1. Using the duahty between U and V , Lieb's theorem, and 
Holder inequality, we have: 



C = s^^p{\\\f -^BuB2,J g\\\r 



1} 



sup 



sup 



if *Bi,B2,J 9)ix)h{x)dNX 

= 1} 




< sup / f{B^{x,y))g{B2{x,y))h{x)e-^^^^y^^'^^^y^^dMxdNy 

< SUp{|||/*Bi,B2,J^|||r- \\\h\\\r' \ f ^ Qp, 9 ^ Q h & Gr'} 

= sup{|||/vcBi,B2,j^|||r. ■ 1 \ f ^ Gp, 9 e Qg} . 



f e gp,g e Qg,h e Qr 



□ 



Theorem 4.7 (Full Holder inequality for Gaussian Hilbert spaces.) Let H he a 

separable Gaussian Hilbert space. Let u, v, p, q, and r be numbers greater than 1, such that: 



and 



1 1 
- + - 

u V 



^ + , = (4.22) 



u{p — 1) v{q — 1) r — 1 

Then for all <^ m LP{n, J^{H), P) and m L'^iVt, J^{H), P), V{1/ ^)ipoV{l/ belongs 
to L^{Q, J^{H), P) and the following inequality holds: 

||r(l/v/^)v9or(l/v/^)^||^^ < ll^ll.-ll^ll,. (4.23) 
Proof. Let p', q', and r' be the conjugates of p, q, and r, respectively. Since: 

-J- = ^-1 

p — 1 p — 1 
= p — 1 

and similarly l/(g — 1) = g' — 1, and l/(r — 1) = r' — 1, condition fl4.22p is equivalent to: 

1 

r' - 1 



r — 1 

1 1 



u{p — 1) v{q — 1) 
-(p'-l) + -(g'-l) 

U V 

-■p+--q-{- + - 

u V \u V 

1 / 1 / 

- ■ p + - ■ q - 1. 

u V 
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That means, we have: 



u V 



r . 



(4.24) 



Following the same steps as before, it is enough to check the inequality in the finite dimen- 
sional case. Multiplying both sides of the convolution identity ( 13. ip by exp(l/(2Mf r')(a;, x)), 
we obtain: 



{x,x) 



g 2r' uv 



<^ 1 ^ ) e 



{^•^) ('i _ 1 



X — y \ {x-y,x~y) 

(f I — 1 e 



g 2p' V 



_ (y,y) 

g 2qu 



_ (y,y) {x,x) 



Let /(x) := exp(— (x, x)/(2pt>)) and g{x) := tp{x/y/u) exp{—{x,x)/{2qu)). We 

have: 



X 



< 



_ {x~y,x~y) _ {y,y) (x.x) 

\f{x — y)\e ^ \g{y)\e v« ■ e^^'uvd^y 

{x-y,x-y) {y,y) , {x,x) 

\f{x — y)\-\g{y)\-e ^r'uvdj^y. 



As before, we are now showing that the expression: 



E(x y) = ^ (^^^) _ (3^^^) 

' 2p'v 2q'u 2r'uv 

is a perfect square. Indeed, the coefficient of (x, x) in E{x, y) is: 

1 1 



2p'v 2r'uv 



1 



from 



The coefficient of (y, in -E(x, is: 



2p'r'v 
2p'r'v V 



r 



2p'q'r' \ V 



1 1 

+ 



2q'u 2p'v 
1 fp' ^q' 



from (14:241) 



2p'g' 
1 



2p'q' 
1 

2p'q'r' 



12 

r . 



(4.25) 
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The coefficient of (x, y) is E{x, y) is: 



b = -1- 

p'v 
1 



p'q'r' \ V 



— ■ r 



Thus we have: 



E{x,y) = a{x,x) + b{x,y) + c{y,y) 



2p'q'r' 



M {x,x) -2 ('^ ■ r' ] {x,y) +r''^{y,y) 



q' 



J. <1 



o w / {-x-ry,-x-ry). 
Zp'q'r \v V ' 



It follows now from (14.251) that: 



r 



X 



< 



\fix-y)\ ■ \9iy)\-e ^ 



g 2uvr 



Claim 1: For all > 1, / G Lp(M'^, (Inx), and g G d^y), we have: 



■ \g{y)\ ■ Jd{x,y)dNy 



l/r 

dNx]' < C^^ 



where: 



(4.26) 



1^7111., (4.27) 



Jd{x,y) 



~ —-r-r-ri —x—r'y. — x—r'y) 



and 



2 i_i l_i 

C = w pu^ 1. 



To prove this claim, we reduce the problem to the one-dimensional case, via Minkowski's 
inequahty, copying the argument from [TT] (page 201). Namely, let us assume that (I4.27P 
holds for two dimensions di = m and ^2 = n. We can prove that (I4.27P holds for d = m + n, 
using Minkowski's inequality in the form in which the discrete summation is replaced by the 
continuous integration, in the following way. Let x = {xm, Xn) be a generic vector in M*""*"", 
where Xm and Xn are generic vectors in and M", respectively. Let us observe that, for all 
X = {xm, Xn) and y = {ym, yn) in M'"+", we have: 



Jm+niXiV) JmiXmiym) ' JniXniyn)' 
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We have: 



\f{x -y)\- \g{y)\ ■ Jm+n{x,y)dNy 



l/r 





< 



I /(a;™ - yni,Xn - yn) \ ■ \9iym,yn)\ 

X Jm+n{{Xm,Xn),{ym,yn)) dNyndNym] di\fXndNXm} ^ 
Jmi^'^m^ ym 



< 



= 



X Jn{Xn,yn)dNyny dNXn] dNym\ dNXm\ (4.28) 

m 

•JmiXfn, ym) \\ |/(a^m J/m,) ') | ||p m 



l/r 

1^ (4.29) 



l/r 



(4.30) 



This shows that in order to prove (14.271) , it is enough to prove it for the dimension d = 1 only. 
To achieve this, since the function (x, y) ^ [(g'/f )x — r'y]^ is non-negative, according to Lieb 
theorem, it is enough to check it for exponential functions of the form f{x) = C\ exp[— (s/2)x^] 
and g{x) = C2 exp[— (t/2)x^], where s > 0, t > 0, and ci and C2 are positive constants chosen 



such that 



q = I. Let us first compute the values of ci and C2. We have: 

i/p 



p 



Cl 



e 2 dNX 



(let x' := y/psx) = Cl 



e 2 dNx' 



ps 
1 



i/p 



Thus, in order to have 



Similarly, in order to have 



Hence, we have: 



ci- 



p = 1, we must have: 



psy/p' 



Cl 



\q = 1, we must have: 



C2 



(4.31) 



(4.32) 




g- f {:r-s,)2 |j;2 2^7^777 (^a:-r-'?/ 



dNV 



dj^fX 



l/r 
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Let a := q'/ {y^j/q'T'), (3 := r'/y^pV^; ^'^'^ 1 '■= P' / {u^/p'q'r'). Let us observe first that 
q; + 7 = /5, since {p' /u) + (q'/v) = r'. We have: 



/ f(--y)g(y)e-(^-'''yd^y 
Jr 

[.Jr Ur 



(>-W-y)\-\y\-k(.^^-fiyY 



dNV 



- r 1/r 

djsfX 



e 2~ 



Jr 



l/r 



dNX 



In the last integral we make the change of variable y' — ^/s + t + P'^ ■ y. Completing the 
square, we obtain: 



/ f{--y)9{y)e '■'^^ dNy 

Jr 



e 2 



'{ psy/p{qty/i f 

s + t + /3^ \ 



e ^ V«+t+/?2 dNy 

e-^^'-eir^" e 'V V^V d^y 

Jr 



dNX 



dNX 



l/r 



l/r 



Therefore, 



f{--y)9{y)e dNy 



' {psy/p{qty/i j 

s + t + /3^ \ 

' { psy/p{qty/i ( 
' { psy/p{qty/i f 
' {psy/p{qty/^ 



2 ^ +2(s+t+;32)^ 



l/r 



disjx 



^s+c«2^^s+t+/32)+(s+a/3)2 ^ 



l/r 



g 2(s+t+/32) 
e 2(.+«+;32) ^ 



dNX 

l/r 



dNX 
l/r 



\psy/p{qty/i / + t + 



l/pfl/g 



To finish our proof we need to show that: 



sup 



l/p-l-l/q 



.>o,r>ol riA {s + t + P''y/^'{-/H + aH + sty/- 
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(4.33) 



Before we compute this supremum, we would like to outline the intuition behind what we are 
going to do next. Let us observe that the numerator s^^H^^'^, being a product, is somehow 
hke a geometric mean, while the factors from the denominator {s+t+P"^) and {'y'^s+a'^t+st), 
being sums, are like arithmetic means. Wc know from the inequality between the geometric 
and arithmetic means of positive numbers, that the geometric mean is always dominated by 
the arithmetic mean, and this classic inequality is based on the concavity of the logarithmic 
function. 

Let S :— {pv)s and T :— {qu)t. We have: 



1 



l/p^l/g 



\jn} 



v^Ipu^Iit^I't 



(pv) 



i/p 



rpl/q 



S+^-T + 



qu 



y/r' ^ 



11 

pv 



qu 



T + 



pquv 



ST 



1/r 



gl/prpl/q 



\pv qu J \pv qu pquv I 



1/r 



(4.34) 



Let us observe that: 



pv qu 



1. 



(4.35) 



Indeed, we have: 



— + — + , 
pv qu 



1 


1 r' 






+ — + — 




pv 


qu p'q' 




1 


I rl + sL 




pv 


qu p'q' 




1 


1 1 1 






+—+—+— 




pv 


qu q'u p'v 












'- + ^)^-(- + 








q' 


1 












V 


u 




= 1. 







Let us also observe that: 



7^ 1 

— + — + 

pv qu pquv 



uvr 



(4.36) 
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Indeed, we have: 



1 



7' a" 
— + — + 
pv qu pquv 

P' 



1 q' 
- + 



1 1 
— + 



v?q'r' pv d'^p't' qu pquv 

I ( p' q'l , 

1 1 ■ r 

uvr' \puq' qvp' pq 

p' q' \ ( T) q' 
-^ + ^ + -- - + - 

puq qvp' pq \u v 



uvr' 
1 

uvr' 
1 

uvr' 
1 

uvr' 
1 

uvr' 
1 

uvr' 



p' 



puq 



q p 



qvp pqu pqu 



pu \q q J qv \p p 



^■1 + ^.1 

pu qv 

1) , q/{q- 1) 



pu 
1 



qv 



1 



u{p — 1) v{q — 1] 
1 



uvr /{r — 1) r — 1 
1 



uvr 



We go back to the denominator of formula fl4.34p and apply the Jensen inequality for the 
strictly concave downward function L{x) = ln(x). From fl4.35l) we conclude that: 



In ( — ■ 5 

^pv 



qu 



> — ln(5) + — ln(T) + /32ln(l) 
pv qu 



In i^S^/^P^^T'^/^i^^^ . 



Exponentiating both sides of this inequality and then rasing them to the power 1/r', we 
obtain: 

1 1 \ 

— -5 + — -T + Z^^-l > (4.37) 

^pv qv J 

Formula fl4.36p shows that in order to obtain a convex combination in the sum: 

1 

■ b + — -'1+ 

pv 



T + 
qu pquv 



ST 



we need first to multiply it by i^' := uvr. After doing this, applying again the strict concavity 
of the function In, we obtain: 

\n{ K^-S + K—-T + K ST] > K^lniS) + K—\n(T) + K \n(ST) 

pv qu pquv J pv qu pquv 

K-p- , K Kc? I K 
j^J^ I ^ pv pquv qu pquv | 
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This inequality is equivalent to: 



ypv qu pquv 



l/r 

ST \ > 



1 K^i^ I K Ka 



Q pvr pquvr qur pquvr 



■S P pqT 1 PI. 



(4.38) 



Going now back to the formula f l4.34p and using the inequalities fl4.37p and fl4.38p . we obtain: 



1 5'i/p2"i/? 



< 



1 



\ pi) qv ' I \ pt' pquv 

gl/prpl/q 



l/r 



V^/Pu^/Qr^/r gl/{pvr')rpl/{qur') S{u-y2)/p+l/{pq)X{va2)/q+l/{pq) ' 



The exponent of S in the denominator of the last fraction is: 



1 

+ — 
pvr' upq'r' pq 



1 p' 
— : + — ^ 



1 

pr' 
1 

pr' 
1 

pr' 
1 

pr' 
1 

pr' 

pr' 
1 

p' 

Similarly, the exponent of T in the denominator of the same fraction is 1/q. Hence, for all 
s, if: > 0, we have: 



1 p' 1 , 

V uq' q 

1 p' 1 fp' (i 

- + ^ + - - + - 

V uq q \u V 

V u \q q J V q 

l p' q' f I ' 

- + ^■1 + ^1-- 

V u V \ q 

1 p' q' 1 

- + - + - 

V U V V 



p^/pq^/i 

j.l/r 



< ^(l/r-)-(l/p) (l/r)-(l/g) . 



y(l/r)-{l/p)^(l/r)-(l/q)_ 



gl/prpl/q 
gl/pj^l/q 



(4.39) 



The equality in f l4.39p holds if and only if = T = 1, due to the strict concavity of the 
function y = ln(x). This is equivalent to s = l/{pv) and t = l/{qu), since 5* = {pv)s and 
T = {qu)t. Thus, we have: 



sup 



p^/Pq^/<i 



l/p^l/q 



^(l/r)-(l/p)^(l/r)-(l/g)_ 
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Going back to the inequality fl4.26p . we conclude that: 



X 



{x,x} 1 
g 2uv r 



< 



\f{x -y)\- \g{y)\ ■ e" vtv(^--'^^'^--Wrf^^ 



l/r 



dNX 



l/r 



< pu^ ' II I/I llpll Is'l 



_d_ _^ _d_ d d 



X 



e~ 2« dNX 



X 



(x.x) 



1/9 



This inequality is equivalent to: 



lUV) 2r 



e 2u« c^^x 



d 






/ \ 1 


i/p 

d 






1 \ 1 


1/9 


< t) 2p 


[/ 




U 2g 


[/ 


2^ dpfX 





Making now the changes of variable x' := xj ^fmj in the left, and x\ := x/ and X2 '■= x/ y/u 
in the right, and moving back to the Gaussian norms, we obtain: 



< 



I- 



To prove the inequality in the infinite dimensional case we proceed in the following way. Let 
if be a separable Gaussian Hilbert space. Let {e„}„>i be an orthonormal basis of centered 
Gaussian random variables from H. For all d > 1, let 



Cei © Ces 



Let J-'d := J^{Hd), i.e., the smallest sigma-algebra with respect to which ei, 62, . . . , 
are measurable. If ip E Lp{Q, J^{H), P) and ifj e J^{H), P), and if we denote the 

conditional expectations of (p and ip, with respect to J-^, by (pd and ipd, respectively, i.e., 
{pd := E[{p \ J^d] and ipd '■= E[iIj \ J^d], then it is not hard to see that: 



and 



E[r{i/V^)^\j^d] = r(i/v^)(^d, 

E[T{l/V^)ij\J^d] = T{l/^/^)^d, 

E[r(i/y^)(^or(i/v^)^ I j-j = Tii/V^)ipdoT{i/V^)^d 



(4.40) 
(4.41) 

(4.42) 



Since {J^d}d>i is an increasing family of sigma-algebras and the sigma-algebra generated by 
them is J^{H), using the Martingale Convergence Theorem we conclude that: 



E[r{i/V^)^or{i/^)^\j^d] ^ r(i/v^)^or(i/v^)V', 
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E[(p I Td] <)0, 

and 

E[^l^\Fd] ^ V, 

as c? ^ oo, both almost surely and in L^(r2, J^{H), P). Using now the fact that the result 
is true in the finite dimensional case and Fatou's Lemma as before, we conclude that: 

□ 



References 

[I] Beckner, W.: Inequalities in Fourier Analysis, Ann. of Math. 102, 1975, 159-182. 

[2] Brascamp, H.J. and Lieb, E.H.: Best constants in Young's inequality, its converse, and 
its generalization to more than three functions. Adv. in Math. 20, 1976, 151-173. 

[3] Carlen, E. and Cordcro-Erausquin, D.: Subadditivity of the entropy and its relation to 
Brascamp-Lieb type inequalities, Geom. Funct. Analysis 19 (2009), 373-405. 

[4] Carlen, E., Lieb, E., and Loss, M.: A sharp form of Young's inequality on and related 
entropy inequalities. Jour. Geom. Analysis 14 (2004), 487-520. 

[5] Janson, S: Gaussian Hilbert Spaces, Cambridge Tracts in Math. 129: Cambridge Uni- 
versity Press, 1997. 

[6] Kuo, H.-H.: White Noise Distribution Theory, Probability and Stochastic Series, CRC 
Press, Inc. 1996. 

[7] Kuo, H.-H., Saito, K., and Stan, A.L: A Hausdorff- Young inequality for white noise 
analysis, in Quantum Information IV, T. Hida and K. Saito, Eds., pp. 115-126, World 
Scientific, River Edge, NJ, USA, 2002. 

[8] Lanconelli, A. and Stan, A.L: Hdlder Type Inequalities for Norms of Wick Prod- 
ucts, J. of Appl. Math. Stock An., vol. 2008, Article ID 254897, 22 pages, 2008. 
doi:10. 1155/2008/254897. 

[9] Lanconelli, A. and Stan, A.L: Some inequalities for norms of Gaussian Wick products. 
Stock An. Appl, Vol. 28, Issue 3, 2010, 523-539. 

[10] Lieb, E.H.: Gaussian kernels have only Gaussian maximizers. Invent. Math. 102, 1990, 
179-208. 

[II] Lieb, E.H. and Loss, M.: Analysis Second Edition, Graduate Studies in Mathematics, 
14, AMS, Providence, Rhode Island, 2001. 

[12] Obata, N.: White Noise Calculus on Fock Space, Lecture Notes in Math. 1577, 
Springer-Verlag, 1994. 



28 



